The traditional elastoplastic constitutive equation, which is independent of the stress rate component tangential to the yield surface predicts an unrealistically stiff mechanical response for the nonproportional loading process in which the stress rate has a component tangential to the yield surface. In this article, the generalized constitutive equation is then formulated by incorporating the inelastic strain rate due to the stress rate tangential to the subloading surface into the subloading surface model exhibiting a smooth elasticplastic transition.
Introduction
The following facts are generally observed in the inelastic deformation behavior of real materials. 1) The magnitude of the inelastic strain rate depends not only on the component of the stress rate normal to the yield surface, called the normal stress rate, but also on the component of the stress rate tangential to the yield surface, called the tangential stress rate.
2) The direction of the inelastic strain rate depends not only on the stress but also on the stress rate. 3) Thus, the non-coaxiality, i.e. the discordance of the principal axes of the inelastic strain rate and the stress is induced. However, the traditional elastoplastic constitutive equation, which has a single smooth yield surface and in which the plastic strain rate is derived from the consistency condition with a plastic potential flow rule, is incapable of describing these facts since the plastic strain rate is independent of the tangential stress rate. It then has problems in the analysis of the deformation behavior under the nonproportional loading process with a significant tangential stress rate. The stress path often deviates significantly from that of proportional loading in plastic instability phenomena with the bifurcation of deformation and often with the localization of the deformation; the traditional elastoplastic constitutive equation tends to predict an unrealistically stiff mechanical response leading to an excessively high limit load. Consequently, an extended constitutive equation needs to be formulated, in which the above-mentioned facts 1)-3) and the following facts are also taken into account. 4) It was evidenced by Rudnicki and Rice1) that "no vertex can result from hydrostatic stress increments", based on consideration of the sliding mechanism in a fissure model. Thus, it might be assumed that only the deviatoric part of the tangential stress rate, called the deviatoric-tangential stress rate, influences the inelastic deformation behavior. 5) The direction of the tangential strain rate induced by the deviatoric-tangential stress rate has components not only tangential but also outward-normal to the yield surface, as has been found in various experimental and theoretical studies: test data of metals2) and soils3)-7) numerical experiments for metals based on the KBW model8),9) by Ito10) and the Taylor polycrystalline In what follows let the conventional elastoplastic constitutive model62) with the yield surface enclosing a purely elastic domain be extended to the unconventional elastoplastic constitutive model describing the plastic strain rate due to the rate of stress inside the yield surface. Here, it could be assumed that a) A plastic strain rate develops gradually as the stress approaches the yield surface. b) A conventional elastoplastic constitutive equation holds when the stress lies on the yield surface. In order to formulate an unconventional elastoplastic constitutive equation realizing these assumptions it is required to adopt the relevant measure expressing how near the stress approaches the yield surface. Then, let the following surface, called the subloading surface, be introduced. 
Elastoplastic-tangential constitutive equation
The strain rate is expressed in terms of the stress rate from Eqs.(1), (28) , (34) and (39) as noting that Dt is described by the stress rate as by substituting Eq. (39) into Eq. (35) . Eq. (47) does not fulfill the exact differential form, i.e. the complete integrability condition with respect to the stress rate66) and is further rate-nonlinear resulting in the so-called hypo-plasticity, while the elastic strain rate equation
(2) is required to fulfill the exact differential form leading to the hyper-elasticity. Hereafter, assume that the elastic modulus tensor E is given by Hooke's type, i.e.
where K and G are the elastic bulk modulus and the elastic shear modulus, respectively, which leads to (EA)* = 2GA* for an arbitrary second-order tensor A . Then, it is obtained from Eq. (47) that where (51) noting (52) Substituting Eq. (50) into Eq.(39), the tangential strain rate is described by the strain rate as follows: 
The inverse expression, i.e. the analytical expression of the stress rate in terms of the strain rate is derived from Eqs. (1), (2), (28), (53) and (55) as follows:
The loading criterion is given by (58) For dn=0 leading to Dt=Dt=0 the set of constitutive equations (47), (57) and (58) reduces to the quite simple forms: 
In the present formulation the plastic strain rate (28) with Eq. (34) is derived by substituting the associated flow rule (28) into the consistency condition (26) which is obtained by incorporating the evolution rule (17) of the normal-yield ratio R into the time-derivative (14) of the subloading surface equation (10) . Then, the plastic strain rate develops gradually as the stress approaches the normal-yield surface, exhibiting a smooth elastic plastic transition. In addition, the tangential-inelastic strain rate (39) also develops gradually as the stress approaches the normal-yield surface. Then, Eq. (57) of the stress rate is expressed by the continuous function of the stress and the strain rate. Then, the tangential-subloading surface model possesses the following mechanical properties. 1. The continuity condition23),25),60),62) defined as "the stress rate changes continuously for a continuous change of the strain rate" is fulfilled, which is expressed mathematically as follows: 
The rate-linear constitutive equation is generally described as (67) where the fourth-order tensor Mep is the elastoplastic modulus which is a function of the stress and internal variables and can be described generally as (68) Therefore, Eq. (66) can be rewritten as
Thus, the subloading surface model and its extension to the tangential relaxation, i.e. the tangential-subloading surface model have notable advantages as follows:
i) It predicts a smooth response (a smooth relationship of axial stress and axial logarithmic strain in the uniaxial loading for instance) for a smooth monotonic loading process. By contrast, a nonsmooth response is predicted by the conventional constitutive model which assumes the yield surface enclosing a purely On the other hand, the tangential-inelastic strain rate is induced suddenly at the moment when the stress reaches the yield surface in the other tangential-plasticity models violating the smoothness condition, e.g. Rudnicki and Rice's model1) and Papamichos et al.'s model44), and thus the continuity condition is also violated in these models. Further, unconventional models other than the subloading surface model, e.g. the multi surface model and the two surface model, also violate the smoothness and continuity conditions if the tangential-inelastic strain rate is incorporated. Therefore, they lead to the serious defect that the uniqueness of solution is violated for the stress path along the yield surface.
Verification of the present model
First, let the concrete constitutive equation of metals be formulated based on the tangential-subloading surface model formulated in the preceding section. In what follows, the mechanical response of the present model will be shown briefly.
Constitutive equation of metals
The von Mises yield condition with isotropic-kinematic hardening is described for the normal-yield/subloading surface as follows69): The variables k1 k2 , h, and h2 are material constants, and Fo is the initial value of F. It holds from Eqs. (36) , (48) , (56) and (70) 
